Abstract. We say (n, e) → (m, f ), an (m, f ) subgraph is forced, if every n-vertex graph of size e has an m-vertex spanned subgraph with f edges. For example, as Turán proved, (n, e) → " k,`k 2´" for e > t k−1 (n) and (n, e) → " k,`k 2´" , otherwise. We give a number of constructions showing that forced pairs are rare. Using tools of extremal graph theory we also show infinitely many positive cases. Several problems remain open.
or |V i | = ⌈n/p⌉, and its edge set E(G) := {xy : x and y belong to distinct V i 's}. The above graph is also called the p-partite Turán graph and its size is denoted by t p (n). ex(n, K p+1 ) = t p (n) = 1 2 1 − 1 p n 2 − O(1).
(1.1)
Kővári, Sós and Turán [17] showed that ex(n, K(k, k)) ≤ 1 2 (k − 1) 1/k n 2−1/k + (k − 1)n. (1.2) This inequality together with a random construction of Erdős implies the following. For every bipartite F that is not a forest, there is a positive constant c(F ) such that Ω(n 1+c ) ≤ ex(n, F ) ≤ O(n 2−c ). Here we are going to use the following special case: there are relatively large graphs of girth at least g, ex(n, {C 3 , C 4 , . . . , C g−1 }) > 1 2 n
For graphs with chromatic number at least three we have the Erdős-Stone-Simonovits Theorem [10, 12] that says that for min L∈L χ(L) = p + 1 ≥ 3 one has ex(n, L) = 1 − 1 p n 2 + o(n 2 ). Here we are going to use the following sharpening of the Erdős-Stone Theorem due to Chvátal and Szemerédi [7] . Suppose that ε, p ≥ 2 are fixed and n is large enough. Let t = log n/ (500 log(1/ε)), then ex(n, K p+1 (t)) 4) where K p+1 (t) stands for the complete (p + 1)-partite graph whose every vertex class has cardinality t. We remark that a randomized example of Bollobás [2] shows that (1.4) is best possible up to the constant 500. For latest developments see Bollobás and Kohayakawa [3] .
Introduction, Density Questions
As the exact solutions of Turán type problems, especially the hypergraph versions, seems to be so difficult, P. Erdős proposed a series of simpler looking, and important, questions. One of the natural generalizations of Turán's Theorem is as follows, where the structure of forbidden subgraphs is reduced to one parameter, their size. What is the maximum number of edges of an n-vertex graph, ex(n; m, < f ), if every m-element set spans less than f edges? This was investigated by Erdős [8] in 1963. Some of his results were rediscovered and clarified by Gol'berg and Gurvich [14] , for the latest developments see Griggs, Simonovits and Thomas [15] . The hypergraph version, i.e., the problem of ex r (n; m, f ) := max F is an r unif orm hypergraph on n vertices, every m−set spans less than f edges |F | was proposed by Brown, Erdős and Sós [4, 5] . This problem, which contains Turán's hypergraph conjecture is even more difficult. For example, ex 3 (n; 6, 3) = o(n 2 ), by a celebrated result by Ruzsa and Szemerédi [20] . A concise proof and further problems can be found in Erdős, Frankl, Rödl [9] .
The above density problems seem to be related to such difficult number theory problems as to estimating r 3 (n). (Here r 3 (n) is the maximum size of a subset of [n] containing no arithmetic progression of size 3.) In this note we deal with an easier topic. The aim of this paper is to illustrate the powerful methods of extremal graph theory by (partially) answering the following question of Erdős: what local edge densities are unavoidable in every n-vertex graph with e edges?
The m-spectrum of Graphs
For a given graph G we say that the (m, f ) pair belongs to its spectrum, (m, f ) ∈ Sp(G), if one can find an m-element subset of vertices M ⊂ V (G), |M | = m such that the induced subgraph G|M has exactly f edges. We also use the notation G → (m, f ), and say that an (m, f ) subgraph is forced, or f belongs to its m-spectrum. Otherwise, we say G → (m, f ), or G avoids (m, f ). Let G(n, e; m, f ) denote the class of n-vertex graphs of e edges avoiding (m, f ). Let G(n; m, f ) := ∪ 0≤e≤( n 2 ) G(n, e; m, f ). Our aim is to describe these graphs, or at least to prove a few basic properties of them.
As a first step, we would like to determine the (n, e) pairs with G(n, e; m, f ) = ∅. We denote this by (n, e) → (m, f ), every graph of n vertices and e edges contains an induced (m, f )-subgraph. Let S(n; m, f ) denote the set {e : (n, e) → (m, f )} and define
As S(n; m, f ) ⊂ {0, 1, 2, . . . , n 2 } but 0 and n 2 cannot belong to it simultaneously, the fraction on the right hand side is at most 1. We conjecture that the lim sup above is actually a limit for all fixed m and f . yield upper bounds for σ(m, f ) in various ranges of m and f , we have also some overlapping which could be easily analyzed. Such a combination of constructions yields the main result of this paper (Theorem 1 in Section 9) where we prove that σ(m, f ) ≤ 2/3 for all but 5 pairs (m, f ). For these 5 pairs we show σ(m, f ) = 1, we call them unavoidable. Probably, σ(m, f ) > 1/2 holds for only finitely many pairs, too. In Section 10 we summarize the negative examples showing that for fixed m all but at most 300 pairs σ(m, f ) = 0 in the interval 0 ≤ f ≤ O(m 3/2 ). Finally, in Section 11, infinitely many pairs are given with σ(m, f ) = 1/12.
The Case f = 0
The case m = 2 is trivial, G(n; 2, 0) consists of a single graph, K n , thus S(n; 2, 0) = {0, 1, . . . , n 2 − 1}, implying σ(2, 0) = 1. Similarly, σ(2, 1) = 1. From now on we suppose that m ≥ 3.
Looking at the complements, it is obvious that G → (m, f ) if and only if G → m, We have that Sp m (F 1 (p)) = {0, 1, . . . , t p (m)}. As K p+1 is never a subgraph, Turán's Theorem (1.1) implies that (n, e) → m, Using the notation introduced in (1.1) we have
The length of the interval on the right hand side is
In the case p = 2, when we consider only bipartite graphs avoiding (m, f ), we have
. Thus (4.3a) and (4.3b) yield that
5. Union of Cliques, the Case (m, f ) = (3, 2)
The only (3, 2)-graph is the induced path of two edges. Hence if G → (3, 2), then any two vertices that are connected by a path must be connected by an edge, i.e., G is a disjoint union of complete graphs. Let us denote the sizes of the cliques by n 1 , n 2 , . . . , n k , then n = 1≤i≤k n i and e = 1≤i≤k n i 2 . We need to know when can e be written as a sum of this form. This was a question of Erdős and (independently) Winkler and was answered by Reznick [19] in the following way. Let C(n) := n i 2 : n i = n, the n i 's are non-negative integers , and let a(n) denote the largest integer so that for the interval {0,
). We apply this as follows.
Construction 2.
(Union of cliques) Let F 2 be the class of graphs where each connected component is a clique.
We have that Sp n (F 2 ) = C(n),
(n, e) → (3, 2) if and only if e ∈ C(n).
This implies, e.g., that S(n; 3, 2) With a little more consideration one can see that Construction 2 implies that σ(m, i) = 0 for all 3 ≤ m ≤ 7, 0 < i < m 2 with the possible exceptions (m, i) ∈ {(4, 3), (5, 4) , (7, 6 ), (7, 10)} (and their complements {(5, 6), (7, 15) , (7, 11) }, the pair (4, 3) is self-complementary). We continue to investigate these cases in the next sections.
6. An Unavoidable Pair, the Case (m, f ) = (4, 3) Construction 3. (Union of trees and cycles) Let F 3 (p) be the class of graphs where each connected component is either a tree of at most p − 1 vertices, or a cycle C p .
If we have G ∈ F 3 (p), |V (G)| = n, then G has at most n edges. Even more, if n/p is not an integer, it has at most n − 1 edges. If n/p is an integer, then it cannot have n − 1 edges either. Moreover, if (p, i) ∈ Sp(F 3 (p)), then i < p − 1 or i = p. We claim that for the case (m, f ) = (4, 3) essentially there are no more examples avoiding it. Claim 6.1. Suppose that G ∈ G(n, e; 4, 3), i.e., G → (4, 3), and n ≥ 5. Then either
This implies (n, e) → (4, 3) if and only if n < e < n 2 − n, or e = n − δ, or e = n 2 − n + δ, where δ = 1 when 4 divides n, and δ = 0 otherwise. We obtain that S(n; 4, 3) contains a very long interval σ(4, 3) = 1.
The neighborhood of x cannot induce an independent set, otherwise K(1, 3) is an induced subgraph with center x. Hence G contains a triangle X = {x, y, z}. Applying the above argument for G we obtain that G contains 3 independent vertices Y = {a, b, c}, too. Consider, first, the case when these two sets are disjoint, {x, y, z} ∩ {a, b, c} = ∅. If one can find two vertices from Y , say a and b, with incomparable neighborhoods in X, (this means that there exists a vertex in X connected to a but not connected to b, and there exists another vertex in X from N (b) \ N (a)), then one can find an induced path P 4 , a contradiction. We obtain that the neighborhoods of Y in X contain each other. These neighborhoods are non-empty, therefore there is an x ∈ X joined to all of them, inducing again a K(1, 3). The case X ∩ Y = ∅ is even simpler.
7. Another Unavoidable Pair, the Case (m, f ) = (5, 4) Construction 4. (Graphs avoiding (5, 4)) Let F 4 be the class of graphs consisting of n − k isolated vertices (4 ≤ k ≤ n) and a copy of either K k or K k with one edge deleted, or K k with 3 edges of a triangle deleted.
Beside the above Construction we also have that (5, 4) ∈ Sp(F 3 (5)), hence the set {0, 1, 2, . . . , n − 2, n − ε} is missing from S(n; 5, 4). Here ε = 1 except if 5 divides n, then ε = 0. One can exclude another interval of length O(n 3/2 ) from the other end by the next construction.
Construction 5.
(Very dense graphs) Let F 5 (p) be the class of graphs whose complement has girth at least p.
If G ∈ F 5 (5), then every 5-subset induces at least 5 edges, so G → (5, 4). It is known (Reiman [18] ) that there are graphs of girth 5 on n vertices of size (1/ √ 8 − o(1))n 3/2 , therefore (n, e) → (5, 4) is only possible if e is not too close to Hence for n − ε < e < n 2 − cn 3/2 , we have
Thus S(n; 5, 4) contains almost all integers from 0, 1, 2, . . . ,
Proof. Let F be a connected graph on n vertices with F → (5, 4). First, we show that for |V (F )| > 6 we have girth(F ) = 3 ( 7.2) i.e., F contains a triangle. Indeed, if F has a vertex of degree at least 4, say xx i ∈ E(G),
} must contain a further edge, otherwise it spans exactly 4 edges. If the diameter of G exceeds 3, and y 0 y 1 y 2 y 3 y 4 is a spanned path, we obtain a contradiction. Then diam(G) ≤ 3 and max deg(G) ≤ 3 imply |V (F )| ≤ 18 by [16] . The cases 6 < n ≤ 18 can be eliminated by considering the shortest cycle. Let us note that as K(3, 3) shows, the condition |V (F )| > 6 is necessary in (7.2).
Second, we prove that if in addition F → (4, 4), then
i.e., as F is connected, it is almost a complete graph. Indeed, let x ∈ V (F ) and consider F |X the graph induced by X = {x} ∪ N F (x), the closed neighborhood of x. Then F |X → (3, 1), so by the results of Section 4, we have that F |X ∈ F 2 . But F |X cannot contain 2 disjoint cliques (as F → (4, 4)), neither a clique of size larger then 3. Then we have that F |X ∈ F 4 , it is almost a complete graph, it has all the edges except for the pairs in a set Y ⊂ X of size at most 3. If X = V (F ) we are done.
Suppose that x has maximum degree in F . Then all vertices of X \ Y have maximum degrees. Suppose that y ∈ Y is connected to a further vertex y ′ ∈ X. Then y is the only neighbor of y ′ from X, therefore it is easy to find a (5, 4) or a (4, 4) set from X ∪ {y ′ } unless |X| = 3. For |X| = 3 F is a path or cycle, and we are done.
Now we are ready prove by induction on n the following statement: If F → (5, 4) and F is connected on n vertices, then
This is obviously true for n < 4c 2 . Consider a vertex x of F of minimum degree d, and let H be the graph induced by the vertices not adjacent to Considering these (at least (n − d − 1)/6) edges one can find a spanned star. We conclude that H has a single non-empty component, and might have some isolated vertices. In the same way we obtain that H cannot have more than 1 isolated vertex, (for such a vertex y one has N F (y) = N F (x)), so the only non-empty component in H (by (7.3)) is an almost complete graph of size n − d − 2 or n − d − 1. To finish the proof of (7.4) count the number of edges of F by using the fact that for any xy edge the vertex y must be adjacent to all triangles in H, thus y is connected to at least
We have
which is positive for c(
This completes the induction for (7.4).
Finally, to finish the proof of Claim 7.1 let us consider an arbitrary graph G ∈ G(n, e; 5, 4), i.e., G → (5, 4) and e is in the range given in the Claim. If G is connected, then by (7.4), we are done. If G is not connected, then for every component C we have C → (4, 4) so (7.2) and (7.3) can be applied. So as above, we obtain that if |V (C)| > 6 than it is the only non-empty component and (7.3) implies that G ∈ F 4 , as claimed. In the remaining case all components have at most 6 vertices. As K (3, 3) is excluded, we can obtain that all of them have at most 5 vertices. As |E(G)| > n − 1, there must be more than one nonempty component, hence G is triangle-free, we obtain that G ∈ F 3 (5), a final contradiction.
More Constructions
In this Section we give 5 more constructions providing a huge number of graphs avoiding certain (m, f ) pairs. Construction 6. (Clique minus trees) Let F 6 (p) be defined as follows. Take a clique of size k, subtract any number of independent (i.e., vertex disjoint) trees where each tree has at most p vertices, and add any number of isolated vertices.
Let us consider an (m, f ) pair, and write it in the form
For example, σ(7, 11) (and therefore its complement, σ(7, 10)) is at most 1/2 (here b = 6, b ′ = 4), and σ(8, 16) (and hence σ(8, 12), too) is at most 1/3 (here b = 7, b ′ = 5).
Construction 7.
(Clique plus trees) Let F 7 (p) be defined as follows. Take a clique of size k and add any number of independent trees where each tree has at most p vertices.
Let us consider an (m, f ) pair, and write it in the form f = ℓ 2 +ℓ ′ where 0 ≤ ℓ ′ < ℓ. For ℓ + (p/(p − 1))ℓ ′ > m this construction does not contain an (m, f )-subgraph. We have that Sp n (F 7 (p)) contains an initial interval of size of (
Above that bound Sp n consists of intervals
Construction 8. (Clique and large girth) Let F 8 (p) be defined as follows. Take a clique of size k, and add a graph of girth at least p on n − k vertices.
It is known (see (1.3), for a proof see [2] ) that there are graphs of girth p on v vertices and more than v 1+(1/(p−2)) edges. This implies that for (n − k) The main observation for the proof of (8.5) is that (x, i) ∈ Sp(F 2 ) for all 0 ≤ i ≤ x − 1 except for the pairs (3, 2) and (6, 5).
Construction 9.
(Complete bipartite graphs and large girth) Let F 9 (p) be defined as follows. Take a complete bipartite graph of size k, and add a graph of girth at least p on n − k vertices.
Again using (1.3) about the maximum number of edges of a graph of given girth, one can see that Sp n (F 9 (p)) (for fixed p as n → ∞) almost covers the interval 0, ⌊n 2 /4⌋ . On the other hand, every m-subset of a G ∈ F 9 (m + 1) spans a graph consisting of a complete bipartite graph and a forest. Therefore if for m vertices there is no such graph with exactly f edges, then S(n; m, f ) ∩ Sp The Cauchy-Schwarz inequality implies that n 2 /(2p) − (n/2) ≤ min C(n, p). Brueggeman and Hildebrand [6] showed that for p ≥ 9 there exists a constant c p such that
In other words, for almost all numbers
there exists an n vertex graph with e edges consisting of exactly p cliques. We are going to use only the case p = 9. For m > m 0 we have that m 2 /(2p) + c p m < m 2 /4. The following corollary is obtained by using bipartite graphs, for e ≤ n 2 /4, and F 10 (9) for larger e's.
Let us remark that originally, [6] contains only the proof when p is odd, but this easily implies the statement for all larger p. Indeed, defining n p+1 = n/(p + 1) + O(1) we obtain that n p+1 2 + C(n − n p+1 , p) ∪ C(n, p) ⊂ C(n, p + 1), implying (8.9) for p + 1, too.
9. Unavoidable Pairs, the End 0), (2, 1), (4, 3), (5, 4) , (5, 6)}. In these cases σ(m, f ) = 1.
Consider the equation
Bennett [1] proved that it has only the solution ℓ = 3, z = 2 in positive integers, as we have suspected earlier. Let us note that our conjecture was proved for z ≤ 10 1000 by M. Simonovits using a computer. Bennett's proof uses linear forms in elliptic logarithms and the L 3 lattice basis reduction algorithm. He has also pointed out for us that it is immediate that (9.1) has only finitely many solutions, since the equation defines an elliptic curve of genus one of the form quadratic = quartic.
Concerning the simpler equation 
In the proof of Theorem 1 we are interested in the cases when m is a perfect square.
Proof of Theorem 1. σ(m, f ) = 1 follows for the claimed pairs from Claim 6.1 and Claim 7.1. Here our aim is to show that for all other pairs we have σ(m, f ) ≤ 2/3. This can be easily checked for m ≤ 7 using the above constructions, hence we suppose that m > 7. We show that for m > 7, σ(m, f ) > 2/3 implies that f = m(m − 1)/4, f = ℓ 2 for some integer ℓ, and that √ m is an integer. Then Bennett's Theorem, (9.1), can be applied to conclude that no further solution exists.
The formula (4.4) implies that we may suppose that Let us note that the argument in the above paragraph gives that σ(m, f ) > 1/2 implies that either
2 so it is again rather rare.
A Long Interval of Zeros
In Section 7 Construction 8 (more exactly (8.3) and (8.4)) show that the majority of the σ's are 0. Here we prove that if f is small compared to m 2 then σ(m, f ) is almost always 0. 
If f ∈ C(m, 9), then (8.10) implies σ = 0, so we may suppose that one can find integers
. Here n 1 ≤ ℓ. We claim that n 1 = ℓ. Indeed, for n 1 ≤ ℓ we have
/16 contradicting (10.1). Thus f ∈ C(m, 9) and n 1 = ℓ implies that
This yields m − ℓ ≤ 23. Writing m − ℓ =: a, ℓ
Finally, we note that using the condition b ≥ 8 a/8 2 we can further narrow the possible exceptions in the range 0 < f < 23m.
Positive Results
One can think that almost all σ(m, f ) = 0, or at least lim m→∞ max 0≤f ≤( , where a, b, c are positive integers. Suppose that q is the smallest integer such that f can be written in the following form
Then σ(m, f ) ≥ 1/q. Moreover, for q ≥ 9 we have σ(m, f ) = 1/q. We also conjecture that in Theorem 3 equality holds, i.e., in the cases not listed among the Constructions the graph G indeed contains an (m, f ) subgraph. We intend to continue the investigation of σ(m, f ) in a forthcoming paper.
Proof of Theorem 3. We start with 3 Lemmas. Lemma 11.1. Suppose that f ∈ C(m, q + 1), G ∈ G(n, e; m, f ) with e < n 2 − t q (n) − εn 2 .
(11.2)
Then, as n → ∞, G contains arbitrarily large independent sets; we have α(G) > Ω((log n) 1/m ).
Proof. Apply (1.4) to the complement of G. We get the disjoint t-element sets V 1 , . . . , V q+1 , where t > log n/(500 log(1/ε)), such that there is no edge of G between these classes. If each V i contains a complete graph K x i , where x i comes from (11.1), then the union of these gives an (m, f ) subgraph, a contradiction. We get ω(G|V j ) < m for some j. Proof. Apply (1.2) to G. We get two disjoint R-element sets V 1 , V 2 such that they induce a complete bipartite graph. If each V i contains an empty graph of size at least m, then K(c, m − c) is an induced subgraph of G, a contradiction. We get α(G|V j ) < m for some j. Ramsey's Theorem again, implies that the clique number ω(G) ≥ ω(G|V j ) ≥ R 1/m . 
